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Abstract 

It is known that the sphere-level S-matrix element of four type II superstrings has 
one kinematic factor. At the low energy limit, this factor produces the kinematic 
factor of the corresponding Feynman amplitudes in the supergravity. It also produces 
higher-derivative couplings of four strings. In this paper, we explicitly calculate the 
kinematic factor of four RR states in the supergravity. Using this factor, we then find 
the eight-derivative P-even and P-odd couplings of four RR fields, including the self¬ 
dual RR five-form field strength. We show that the P-even couplings are mapped to 
the standard R 4 couplings by linear T-duality and S-duality transformations. We also 
confirm the P-even couplings with direct calculations in type II superstring theories. 
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1 Introduction 


Superstring theories at low energy limit are described appropriately by supergravities which 
include only the massless modes and their interactions at two-derivative level. These theories 
inherit many symmetries of the superstring theories such as string dualities nm. For many 
purposes, it is enough to use only these effective theories, but there are situations for which 
one must go beyond the lowest order terms in the effective actions. The higher order terms 
must be corrections in a! and in the string coupling constant g s . The main challenge thus 
is to implement the symmetries of the superstring theories to find an effective action that 
incorporates all such corrections, including non-perturbative effects [5]. 


Subleading terms in type If effective actions start at eight derivative level, and were first 
calculated at the tree level from four-graviton scattering 011] as well as from the cr-modcl 
beta function [8HT3]. They take the following form at tree level in string frame: 

S D I d 10 x e-^sf^G (t 8 t 8 R 4 + ie 8 e 8 f? 4 ) , ( 1 ) 

where 7 = - and t$ is a tensor which is antisymmetric within a pair of indices and is 
symmetric under exchange of the pair of indices. The above expression, however, cannot 
be complete, as supersymmetry will necessarily bring in additional higher order terms built 
from the other fields in the supergravity multiplet. This includes the B-field and dilaton 
in the NSNS sector, the n-form field strengths in the RR sector, and their corresponding 
fermionic superpartners. It would be desirable to obtain a supersymmetric invariant action 
at the eight-derivative level which is the completion of the above terms [ID - fT9l[23] . 


The bosonic couplings in the effective action (]TJ) may also be found by constraining it to be 
consistent with the string dualities [201 - 125] . The couplings at weak held level, i.e., four-held 
couplings, may also be found more directly from the corresponding scattering amplitude of 
four vertex operators. They must be also consistent with linear string dualities. The sphere- 
level scattering amplitude of four strings has the following structure in Einstein frame W\- 


( r(-e-^/ 2 s/8)r(-e-^/ 2 t/8)r(-e-^/ 2 n/8) \ 

\T(1 + e-^/ 2 s/8)T(l + e -*>/ 2 t/8)T(l + e"*>/ 2 «/8 )) 


( 2 ) 


where K is kinematic factor that depends on external states, 0 o is the constant dilaton 
background and s, t, u are the Mandelstam variable^] The low energy expansion of the 
Gamma functions is 


r(-e-*/ 2 s/8)r(-e^/ 2 l/8)T(—e-*/ 2 !i/8) 

w+ e -0o/2 s /8)r(! + e-^/ 2 f/8)T(l + e~^/ 2 u/ 8) 


29g3<7)/2 


stu 


2C(3)H- 


( 3 ) 


where dots refer to higher order contact terms. Thus, the kinematic factor plays two roles. 
It produces the Feynman amplitude of four massless strings in the supergravity [26]. On the 
other hand, it produces the couplings of four strings at order a' 3 M- 

1 Relation between the Einstein frame metric and the string frame metric is GF, = e _< ^/ 2 G^„. 
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The kinematic factor of RR states involves various traces over the 10-dimensional gamma 
matrices. Performing the traces, one expects that the amplitudes at two-momentum level 
are reproduced by the corresponding Feynman amplitudes in the supergravity, and at eight- 
momentum level they reproduce the eight-derivative couplings in the action (TTj) . Such calcu¬ 
lation for the scattering amplitude of two RR and two NSNS states has been done explicitly 
in [27]. It has been shown that the couplings at eight-derivative level are related to four 
NSNS couplings found in j6j[TJ through the linear T-duality and S-duality [2 7 ]. 

In this paper, we are interested in the couplings of four RR fields in the effective action 
(ITj), including the RR five-form field strength which must be self-dual. We use the above 
double roles of the kinematic factor. That is, we first calculate the kinematic factor of four 
RR states in the type II supergravities, then we use it to find the couplings of four RR states 
at order a' 3 . The standard type IIB supergravity, however, is off by the fact that it does not 
include the self-duality of the RR five-form field strength. The self-duality must be imposed 
by hand on equations of motion [25]. In this paper, we impose the self-duality of the RR 
five-form field strength by hand in the scattering amplitudes. The couplings we have found 
then have P-even and P-odd parts. We will confirm the P-even couplings by demonstrating 
that they are related to four NSNS couplings P!Zl'29j through the linear T-duality and S- 
duality transformations. We will also confirm them by direct comparison with the kinematic 
factor in the type II superstring theories. 

The paper is arranged as follows: In section [2l we use the type II supergravities to calcu¬ 
late various scattering amplitudes of four RR states, and find their corresponding kinematic 
factors. We then transform these factors to spacetime and find various couplings of four 
RR field strengths at order a' 3 . After imposing the self-duality on the RR five-form field 
strength, we find all P-even and P-odd couplings. In section 3, the S-duality and T-duality 
have been used as guiding principles to find the P-even couplings of four RR field strengths 
from the sphere-level couplings of four NSNS states. We find exact agreement with the P- 
even part of the above couplings. In section SJ we confirm the P-even couplings directly in 
type II superstring theories by performing the traces in the corresponding kinematic factor 
of the S-matrix element of four RR vertex operators in the RNS and in the Pure spinor 
formalisms. 


2 Field theory amplitude 

In this section we are going to calculate the S-matrix elements of four RR fields in super¬ 
gravity. These amplitudes have the following structure in the Einstein frame: 

„ /C s IC t K u 
A = — + — + — 
s t u 

= — (tufCg + sutCt + stJCy^] (4) 

stu \ J 
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where /C s , JC t and K u are the field theory kinematic factors in s-, t- and ^-channel, respec¬ 
tively. The Mandelstam variables are defined as s = —Aa'kyk 2 , u = —Aa'kyks, t = —Aa'kykj, 
and they satisfy the on-shell condition s + t + u = 0. Comparing this amplitude with the 
leading term of the string theory amplitude ([ 2 ]), one finds the following relation between the 
field theory and the string theory kinematic factors: 

K = -2- 9 e - 3 ^ o/2 [tuK B + sufCt + stK^j (5) 

Multiplying this factor by —2£(3) and transforming it to the the coordinate space, one then 
finds the couplings of four RR fields at order a' 3 . 

The type II super gravities describe interactions of massless fields of type II superstring 
theories at two-derivative level. The type IIA supergravity in the Einstein frame is given as 
(see e.g., , |30]) 

SlIA = 2bJ - \e~*\H\ 2 - 1 £ 

— l — ( B t\ dC {3) /\ dC {3 \ ( 6 ) 

4 nr J 

where R is the scalar curvature, <f> is the dilaton field and H is the B-field strength H = dB. 
The RR field strengths are = dC W and F ^ = dC^ — H A The above action is 

the reduction of 11-dimensional supergravity on manifold R 1,9 x S 1 . 

Unlike the type IIA supergravity, there is a challenging feature in type IIB supergravity 
which is the self-duality of five-form field strength. It is hard to formulate the action in a 
manifestly covariant form. One way to find the action is to first construct the supersymmetric 
equations of motion, and then to write down an action that reproduces those equations when 
the self-duality condition is imposed by hand. The type IIB supergravity in the Einstein 
frame is given as (see e.g., , [30] ) 

SlIB = ^ E 

—\ [ HAdC {2) AC (4) , (7) 

4/U J 

where a = 1 for n — 1, 3 and a = 2 for n = 5. The RR field strengths in this case are 
= dC^\ F® = dC® - HC<® and 

F (5) = dC (4) - -C {2) AH + -B AdC (2) . ( 8 ) 

2 2 v ; 

The self-duality condition that must be imposed in the equations of motion by hand, is 

F (5 )=*F { 5). (9) 
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We will show that without the above self-duality condition, the action (J7J) does not reproduce 
correctly the S-matrix element of string theory at low energy. However, imposing this con¬ 
straint by hand on the S-matrix elements, we will find the consistency between field theory 
and string theory S-matrix elements. 

Using the above supergravity actions, one can read various vertices, propagators, and 
accordingly calculate the Feynman amplitude of four RR states. For this purpose, we assume 
the massless fields are small perturbations around the flat background, i.e., 

g,w = Vvu + 2 B (2) = 2 nb {2) ; <F = 4> 0 + a/2ac0 (10) 

The explicit form of the propagators and the vertices that we need in this paper appears in 
Appendix A. The external states satisfy the on-shell relations k 2 = 0 and k-e = 0 where 
e ^ 1 ^ 2 is the polarization of external RR states. Therefore, the couplings that we will find 
does not contain d^F^ 1 ^ 2 '". 


2.1 QFkF)Q]7{n)Qp{n)Qp{n) couplings 

There are five types of couplings in this section, i.e., n = 1,2, 3,4, 5. When the four RR 
forms have the same rank, the actions (j 6 j) and (J7|) dictate that for the cases n = 1,2,3, the 
Feynman amplitude in the s-channel is given by the following expression: 


- _ 

/w 








G h 

liViXp 

1 

'e' 

F 

FT 

F 

_ 1 

+ V p(n) p( n ) ^^F^ F[ n) ’ 

( 11 ) 


where the vertices and propagators are given in the Appendix A. The amplitude in the u- 
channel is the same as A s in which the particle labels of the RR fields are interchanged, i.e., 
A u = A s (2 f->- 3). Similarly, the amplitude in the f-channel is the same as A u in which the 
particle labels of the external RR fields are interchanged, i.e., A t = A u {?> ^ 4). 

Replacing the vertices and propagators in (JTTJ) , one can calculate the string theory kine¬ 
matic factor ()5|) . To convert this factor to the couplings in the form of ( dF) A , we use the 
conservation of momentum, X) ; 4 =i ki = 0, and the on-shell relations on the external states to 
write the multiples of two Mandelstam variables which appear in (151) . as 

st = 8c/ 2 (ki-ks k- 2 -k/i — k\-k 2 k^-k^ — k\-k± ^ 2 -^ 3 ), 

su = 8c/ 2 (ki-k 2 -kz — ki-k 2 k^-k^ — ki-k 3 k 2 -k /i ), 

tu = 8c/ 2 (ki-k 2 k 3 -k 4 — k\■ k 3 k 2 -k i — k^-k^ k 2 -k 3 ), (12) 

where on the right-hand side each label appears once in each term. With the assistance of a 
field-theory inspired package for Mathematica, “xTras” [3T] as well as a symbolic computer 
algebra system for held theory problems known as “Cadabra” [32],[33j, we find the following 


4 








couplings for n — 1, 2, 3 in the Einstein frarrnj^: 

a ,3 e 5 ^ 2 
2 9 k 2 

Q,'3 e 30 o /2 

2H 2 [^’F a b,eF'bc,fF'ad,fF'cd ! e 2 F a b t e^'ab,f^'cd,f^'cd,e T F a b^eF a b,eF c d,f F c d,f\ 

Q ,/ 3 e 0°/2 

2 11 3 2 k 2 

1 8F a bc,gFbcd,gF'aef,hF'def,h “ 1 “ F' a bc t gFabc,gF'def,hF'def,h\- 

The antisymmetric properties of the RR held strengths have been taken into account to 
simplify the kinematic factors in above form, ffowever, multi-term symmetry, i.e., the 
Bianchi identity for the RR held strength, dF = 0, which relates a sum of terms with 
different index distribution, has not yet been taken into account. This identity reduces the 
number of couplings to the minimal number. 

To do this last step, we use the following algorithm: The general structure of each 
coupling in the momentum space contains four RR held strengths that each one caries one 
momentum index. We hrst write it in terms of independent variables. This can be done 
by writing the RR held strengths in terms of RR potentials and using the conservation 
of momentum and the on-shell relations to rewrite the coupling in terms of independent 
variables, i.e., writing = — k 3 — k 2 — k\ and k 3 -£ 4 = -ki-e^ — k 2 -£ 4 - This impose all 
symmetries, including the Bianchi identity. Then, we consider all possible contractions of 
four RR held strengths with unknown coefficients and rewrite them in terms of independent 
variables. By comparing these two results, one folds some algebraic equations between the 
unknown coefficients which can be solved to fold the coefficients. 


[18 F a b c ,gFbcd,hF'aef,h,F'def,g 2 F a b c ,gF a bc.hFd.ef.hFdef.g T 1 ^>F a bc,gFbcd,hF a ef,gFdef,h 


[6Fa,cFb,dFa t bF Ci d — Fa tC Fb t dFa lC Fb,d] 


( 13 ) 


K = 
K = 
K = 


To find the minimum number of couplings, we set all unknown coefficients to zero except 
one of them and solve the equations. If there is a solution, then the coefficient of the 
minimum terms which is one in this case, would be found. Otherwise, we have to repeat 
this procedure by setting all coefficients to zero except two of them. If there is a solution, 
then the coefficient of the minimum terms which is two in this case, would be found. We 
continue this approach to fold the minimal number of couplings. 

Performing this calculation for the couplings (|T3j) . we simplify them to the following 
couplings in the string frame: 


S D ^Jd w xe 2<l)0 V^G[2F a ,bF a ,bF c ,dF c4 


( 14 ) 


Fad^eF'ab^cF'cf ^d^ef “1“ 2 -^ad,e^a6,c-^c/,6-^e/,d ^ Fab,dF a b,c-^'ef,dF'ef,c 

~\~FzefidFibc,dFbeg,hFzfh,g “I - Fibe,fFzbc,dFzfg,hFieg,h “1“ Fzbe,fFzbc,dFzgh,eFfgh,d 


2 All contracted indices have been written as subscripts for easier readability. 
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While the above algorithm reduces the number of terms for n — 1,3, it does not reduce the 
three couplings in the case of n — 2. However, the index distribution is changed. It means 
there are at least two different index distributions for the three terms that are identical up 
to the Bianchi identity. Note that to find the standard sphere-level dilaton factor e -2 ^ 0 in 
the string frame, one has to normalize the RR potential C with e^°C. The normalization of 
the RR fields in above action is consistent with the super gravities 0 and (0 . 


For n — 4 case, there is another contribution to the scattering amplitude in the s-channel 
which is coming from the Chern-Simons term in (|6j). The Feynman amplitude in this case 
is given as 


- _ 

pis 





1 

_1 


Gh 

pv,Xp 

i 

_1 




’ ___ 

pu 

r i 


’ __ 

+ 

K 10 F[ A) F^h 


G b 

fils,Xp 

V bF^F^e 10 _ 


The amplitude in the first line is the same as the amplitude (TTYTh The term in the second 
line has two Levi-Civita tensors which can be replaced by the generalized kronecker delta 
according to the following expression: 


e m 1 -m de 


m—n d 


= -S I 


[ni 


ml 




nd] 


md 


(15) 


The massless pole in the w-channel is the same as A s in which the particle labels of the 
external RR fields are interchanged, i.e., A u = A s (2 •(-)• 3). Similarly, the massless pole in 
the f-channel is the same as A u in which the particle labels of the external RR fields are 
interchanged, i.e., A t = A u (3 -B- 4). 


Replacing the vertices and propagators in above amplitude, one can evaluate the kine¬ 
matic factor 1C. Using the antisymmetry property of the RR field strength, we simplify the 
result to the following couplings in the string frame: 


S D 


7 


2 9 .3 2 k 2 


J d 10 xe 2 ^\/^G 


72 F, 


abfg,e” abcd,e-T cdrt,h-T fgrt,h 


(16) 


-36 F ab f g ,rF'abcd,eF'cdth,rF'f gth,e 


— 64 F a b c f ,gF a bcd,eFdrth,eFf r th,g 


Fabcd,eFabcd,eFfgrt,hFfgrt,h A f* F a bcd,fF ab cd,e Fg rth.f Fg r / , 


In this case we have tried to use the Bianchi identity to reduce the number of terms. However, 
we could not reduce the number to less than five terms. So the above terms are the minimum 
number of terms for the couplings with structure (dF^) 4 . 


For n = 5 case, the supergravity action 0 dictates that there is only one contribution 
to the scattering amplitude in the s-channel. The Feynman amplitude in this case is given 
as 


‘ _ 

pis 



' _ 

^ / F 1 (5) F 2 (5) h 


G h 

pis,X p 

nr S r 4 
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The massless pole in the n-channel is the same as A s in which the particle labels of the 
external RR fields are interchanged, i.e., A u = A s {2 <H> 3). Similarly, the massless pole in 
the f-channel is the same as A u in which the particle labels of the external RR fields are 
interchanged, i.e., A t = A u (3 -H- 4). These amplitudes produce the following coupling in the 
string frame: 

Fabcde,k F a bcde,l F f ghij,kFf ghij,1 T F abcdek F ab cde,l Ffghij,kFfghij,l 
Fabcde, kFibcde,kFfghijjFfghij,l “1“ 10Fibcde^f Fibcdg,fF°hijk,lFghijk,l (17) 

1 ^F abcde f ^ohrdg.h Ffjj k l J, Fgjj k lj' 1 0 F abcde , / F abcd g , hF e ijkl. f Fgijkl.h 

which are only P-even couplings. We have compared them with the corresponding scattering 
amplitude of four RR vertex operators in string theory and found disagreement! This indi¬ 
cates that the type IIB supergravity does not correctly describe the couplings of RR five-form 
field strength. However, the supergravity (J7J) is expected to describe only the self-dual part 
of the RR five-form field strength after imposing the self-duality by hand. Therefore, we 
expect the above couplings to be physical only after imposing the following transformation 
by hand: 

F 5 —> -(-F 5 + *+ 5 ), (18) 

Then the couplings (fl7li are expected to be consistent with the a' 3 terms of the corresponding 
string theory scattering amplitude. 
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2 u .3 2 .5k 2 


d w xe 24>0 S- 


-G 


We impose the above self-duality in the couplings (1T7l) and use the identity (fT5l) to rewrite 
the even number of Levi-Civita tensors in terms of metric and odd number of Levi-Civita 
tensors in terms of one Levi-Civita tensor. Using the “Cadabra” [32jj33]> we have found the 
following result: 


S D 


7 


2173352^.2 J d 10 x e 2<t>0 V—G 2Ao(^F bcde f ta F bcde f :a F h ij k i : gF h ij k i : g (19) 

+ 180 F bcde j n F b g b jj a F cd g}ii k F e j‘jji k 3Q{)F bcde j a F b cghi,aFdegkl,jFf b i k i j 
+160 F bcde f , a Ffrcdgh , a Fegj kl,i Ff hjkl,i 40 Fbcdef ,aFghijk,aFbcdgh,lF e fijkJ 

+ 10 Fbcdef ^aFghijk,a,Fbcdeg,lFfhijk,l “1“ 2 Fbcdef ,aFghijk,a,Fbcdef,lFghijkf 

30 Fbcdef,a,Fbghij,aF 2 defl,kFghijl,k + 40 Fbcdef ,aFbcghi,aFdef kl,j Fghiklj 
+40 Fbcdef , a Fbcdgh , a Fefj kl ,iFghj kl,i 30 F bcde f , a Fbcde g , a Ffij kl,h Fgij kl,h 


£abcdefghij ^360 Fibcde,rFfgknp,rFfilmnp,qFijklm,q 

180F ibcde,rFfgknp,qFfilmnp,rFijklm,q 160F ibcde,rFfghkp,rFilmnp,qFjklmn,q 

-\-2>0 F a bcde,r Ff ghip, r Fjkl mn ^qF]^i mn pq ^OF a b c de,rFfgh n p,rFijhl rr i,qFklmnp,q 

+55F 2 bcde,qFfghip,rFjklmn,qFklmnp,r + 50F 2 bcde,rFfghnp,qFijklm,qFklmnp,r 
50F ibcde,qFfghnp,rFijklm,qFklmnp,r + Fibcde,qFfghij,rFklmnp,qFklmnp ,? 
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The P-odd couplings above are then produced only by the self-duality transformation f[T8j) . 
The above couplings must be invariant under the transformation F^ —> *F^. So they 
describe the couplings of four self-dual five-forms at order a' 3 . Note that there is no P-odd 
couplings in (fTRlh so the above action must produce no couplings with structure e w {dF^Y 
under the T-duality. It is easy to verify it by noticing that it is impossible to have four RR 
five-form field strengths in the P-odd part that each one carries one Killing index. 

Since the couplings with structure (dF^) 4 have too many indices, it is hard to find 
all such couplings with unknown coefficients with the “xTras” package EH So we could 
not apply the algorithm given above equation (fl4|) to reduce the couplings to the minimum 
number. 


2.2 QF^dF^dF^ 71 2 ">dF^ n ^ couplings 


Since the maximum rank of the RR field strength is 5, there are three types of couplings in 
this section, i.e., n = 3,4, 5. The scattering amplitude in the s-channel for the cases n — 3,4 
is given by: 
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/IV 







G h 

11 V, \ p 

V hFY~ 2) F[ n ~ 2) 

+ V FY ) FYU G(/>v <t>F3 n ~ 2)F 4 n ~ 2) 


The scattering amplitude in the u-channel is given as 


A 


U 


■ _ 

/iv 

r ~ i 


' _ 
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G b 

/iv, Xp 

^kp( n ) p( n ~ 2 ) 

Ur 2 r 4 


And the Feynman amplitude in the t-channel is the same as A u in which the particle labels 
of the external RR fields are interchanged, i.e., A t = A u (3 <H- 4). 


Replacing the vertices and propagators in the above amplitudes, one finds the following 
couplings for n — 3,4 in the string frame: 

2 Fa. e f.cFde f.hFojFc.d T y ^def .cFdff .h ^a..cFa.b ^7 ^cde. f ^cde. f ^a.b . b 


S D —[ d w xe 2 *°V^G 
4 K 2 J 


^F aC gh,fFbdgh^FabQFdeJ F'adfg,h^'bfgh,e-^ab,c-^'de,c 4" F a i ) gf l( iF ce fgf l F a i )C F c i e f 

2 „ 


Fif gh,dFcegh,bFib,c-^de,f 


* bf gh,dF c f gh,e-^%d,eF 26,0 


( 20 ) 


where we have also used the algorithm given above equation (fTTD to reduce the couplings to 
the minimum number. 


For the case n = 5, the type IIB supergravity (0 gives the following Feynman amplitudes 
in the s-channel and (/-channel: 
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The amplitude in the t-channel is the same as A u in which the particle labels of the external 
RR fields are interchanged. Replacing the vertices and propagators in the above amplitudes, 
one finds the following couplings in the string frame: 
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2 8 .5.3 3 k 2 


J d 10 xe 2 <po V^G 


\^QF a l) C( lF e jg^Fibchi,jFef ghi,j 180 /^ ibc,dFief,d,F'bcghi,jF'efghiJ 

90 F'xbc^d.Fibe,dFzfghi,jF e fghi,j 4 “ 12 F2bc,dF'ibc^dF'°fghi,jF e fghij 
+ 180 F abc 

, d Faef,g P'bchij , g -^e / hij , d — 180 F abc ,d^aef ,g^bchij ,dFefhij ,g 
“h90 F a bc^dF'abe ,/ -^cghij , f-^eghij , d 4 “ 270 F a bc,d Fabe,f Fcghij ,d,Feghij, f 

3GF a b Ci dF a bc,eFfghij,dFfghij,e T ^abcdefgklm ( Ffo t j pFfc/,- n n F n } jcc je..n Fjg} L ij_p 


-Ft 


hij,n" klm.,pX abode,n-T fghij,p 


hij ,p " klm,p-X abode,n” fghij,n 


which has P-even and P-odd parts. 

Since the above couplings involves the RR five form field strength, we have to impose 
the transformation (jTSj) by hand to produce correct couplings. We have found the following 
couplings for the self-dual RR five-form: 


S D 
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2 9 .5.3 3 k 2 


J d 10 xe 2 (po V^G 


240 Fa,bc,dF°fg,dFibchijF'°fghi,j 360 Fibc,dFief,dFbcghi,jF°fghi,j 

+GF ab c 9 dFa b c 9 dFefghi 9 jFefghiJ 4 ” 360 F a bc,dF'aef,gF'bchij,gF'efhij,d 
360 Fdbc^dFaef^gFbcjiij^dFefhij^g 4 " 360 F abc , dFibe,fF2ghij,dFeghij,f 

SGFabG^FdbQ^Ffghij^Ffghij^ 4 “ ^abodefghij ( ^P' a bm,pFkl r n, n F c dekl,pFfghij,n 


3F a bm,nF'klm,pF'cdekl,pF'fghij,n 


3 F abrn p F}~i m pF c dekl,n Ffghij,n 


4“ 3F a lm,nF'klm,pF'bcdek,pF'fghij,n 4“ 2 F a bc,pFklm,pF'deklm,nFfghij 


( 21 ) 


The above couplings satisfy the self-duality condition F^ = *F^. Since the number of 
indices are too many, we could not find all contraction of structure (dF^Y^dF^) 2 . So 
we could not performed the algorithm given above equation (fT4l) to reduce the number of 
couplings to the minimum number. 

Note that under dimensional reduction on a circle, the P-odd couplings in (T2TT) produce 
no term in which each RR field strength carries one Killing index. As a result, the P-odd 
couplings in above equation produce no couplings with structure eio(A^) 2 (.F (2 )) 2 under 
T-duality. This is consistent with the fact that there is no such coupling in (I20p . 
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2.3 dF^dF^dF^ 71 a )qf^ h 4 ) couplings 


Since the minimum rank of the RR held strength is 1, there is only one type of couplings in 
this section, i.e., n = 5. The effective action (J7|) produces the following s-channel amplitude: 


■ _ 

IIV 

r _ n 


' _ 



G b 

fLV,\p 

^hF 3 (1) F 4 (1) 


In this case, one can easily observe that there is no amplitude in u- and t-channel. Therefore, 
the total amplitude comes from the s-channel which produces the following couplings in the 
string frame: 


7 

2 8 .5.3 2 k 2 


d 10 x e 2< ^°\/—G 


240 F a , b F c ,d,F'aefgh,cF'befgh,d 


where we have also used the algorithm given above equation (TT4l) to reduce the number of 
couplings to minimum number. By imposing the self-duality transformation (fT5jl on the 
above coupling, we obtain the following couplings for the self-dual RR form: 


S D 


7 


j d 10 xe 2 ^°V Z G 


240 F ab F cd F t 


aefgh,c” befgh,d 


2 9 .5.3 2 k 2 

£ abode fghim ( Fj, lFk,mFabode,lFfghij,k “1“ Fj^F kt)rri F c abode,kFfghij,l F k jF k ?m F ( abode,lFfghij,l 


( 22 ) 


where we have also reduced the P-even couplings to minimum number. 


2.4 dF^dF ( n 2 ^dF^ n 2 ">dF^ n ^ couplings 


In this case also there is only one type of couplings, i.e., n = 5. There is no Feynman 
amplitude in the s-channel. The amplitude in the w-channel is given as 



fils 




Xp 


p,U 




Vp^F^h 


G b 

pv,\p 

^6F 2 (3) F 4 (1) 

+ 

Kio F^F^b 


G b 

pv,\p 

^6F 2 (3) F 4 (1) 


The t-channel amplitude is the same as A u in which the particle labels of the external RR 
fields are interchanged. Summing these two contributions, one finds the amplitude produces 
the following P-even and P-odd couplings: 


S D 


7 


2 6 .5.3 2 k 2 


j d 10 xe 2 *°V^G 


120 F2defg,hFa fiF 2 cd,bF°fg,h 120 Fcdfgh,b F 2 ,bFacd,eFfgh,t 


— 120 F c dfgh, e F a , bFicd,eF fgh,b “1“ ^abcdeghijk ( F abode, l Ff,mFfgh,lF ijk 


F Fabode, l Ff ? / Ff gh^rn F%j k, m F a bcde, l Ff^rn Ff gh,m F%j k, l 


(23) 
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Applying the self-duality condition (jT8|) on above couplings and using the identity (TT5|l . we 
have found they are invariant. We have also reduced the P-even couplings above to the 
minimum number. 

One may consider couplings with structure dF^dF < ' n ~ 4 ^dF^ n ~ 4 ^dF < ' n ~ 2 \ In this case 
there is one possibility, i.e., n = 5. However, the type IIB supergravity indicates that the 
vertices in the Feynman amplitudes are zero. So there is no such coupling at order a' 3 . 


2.5 QF^dF^dF^dF^ couplings 

There are three possibilities in this case, i.e., n = 3,4, 5. However, the type IIB supergravity 
(17]) indicates that the Feynman amplitudes in s-, t- and ^-channels are zero for n = 3, 5. For 
the case n — 4, the type IIA supergravity ([6]) indicates that the amplitude in the s-channel 
is given as 


■ _ 

/-Lis 



' _ 

1 

-o 

o 

_i 


G b 


\fFF 2) 


The amplitude in the ^-channel is the same as A s in which the particle labels of the external 
RR fields are interchanged, i.e., A u = A s (2 yy 3). Similarly, the amplitude in the f-channel 
is the same as A u in which the particle labels of the external RR fields are interchanged, i.e., 
A t = A u ( 1 f->- 2). Replacing the appropriate vertices and propagators in the amplitudes, one 
finds the kinematic factors which produces the following couplings in the string frame: 


S D 


7 


2 9 .3 2 k 2 


d w x e 20o \/ z G e abcdefghij 


2 Fij 77 % n ? k F e fgh,l F a bcd, k Fmn ? l 


Fij mn , k Fefg h , l F a bcd , l Fmn , k 


(24) 


which has only P-odd couplings. Note that under dimensional reduction on a circle, the 
above couplings produce no term in which the RR four-forms each carries one Killing index 
and the RR two-form carries no Killing index. As a result, they produce no couplings with 
structure eio(K^ 3 ' ) ) 4 under T-duality. This is consistent with the fact that there is no such 
couplings in fTTTl) . 

One may consider couplings with structure dFA)QF^dF^dF^ -4 ^. In this case there 
is one possibility, i.e., n = 5. However, the type IIB supergravity indicates that the vertices 
in the Feynman amplitudes are zero. So there is no such coupling at order a' 3 . It is also 
consistent with the T-duality of the couplings in (1241) . In fact the RR two-form in (1241) 
does not contract with the Levi-Civita tensor, so under the dimensional reduction there 
is no coupling in which the RR four-forms carries no Killing index and the RR two-form 
carries one Killing index. As a result, the couplings (1241) produce no terms with structure 
QF^dF^dF^dF^. 
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3 Consistency with dualities 


We have found all different couplings of four RR states at order a' 3 in the previous section. 
In this section, we would like to show that these couplings are related to the standard four 
NSNS couplings under S-duality and T-dnality transformations. We begin with the couplings 
in section 2.1. Our starting point in this case is the coupling F®F®F®F® which can be 
found by making the H A couplings to be S-duality invariant. The H A couplings on the other 
hand can be derived from the coupling f 8 t 8 F 4 in (jT]) by extending the Riemann curvature to 
the generalized Riemann curvature [29], i.e., 

Rab cd Rab cd = Rab cd - -^V[a%b] d] + 2 e~^ 2 H ab ^ , (25) 

where the bracket notation is defined as H a ^ c ’ d ^ = |( H a b c,d — H a b d,c ) and </>o is the constant 
dilaton background and the semicolon symbol denotes the covariant derivative. The resulting 
action has the following form in the Einstein frame [29] : 


S D ^ f d w xV^Ge~ 3ct,o/2 
k 2 J 


RhkmnRkrn p Rrs qm Rsh Pq + ^ RhkmnRkrnpRrspqRshqm (26) 

— -RbkrrmRkrmnR-rspqRshpq ~ ^RhkmnRkrpqRrsmnRshpq 
+ ig RhkmnRkh Pq RrsmnRsr Pq T ., ^ RhkmnRkhmnRrs Pq Rsr Pq 


The couplings of four FI can be read from the above action. Invariance of this action under 
S-duality transformations in type IIB theory requires the couplings of four F ® to be the 
same as the couplings of four H , i.e., the couplings in the string frame are 


S D 


I67 


fir 


d w x\f^Ge 2 * 0 


Rhk[m;n]Rkr[n\ P ]Rrs[ q ;m]Rsh[ P ; q ] T ^ Rhk[m-,n]Rkr[n-, P ]Rrs[p,q]Rsh[q;m\ 


" 2 Rhk[m-,n\Rkr[m;n\Rrs\p,q]Rsh[p-, q ] ^ Rhk[m;n] Rkr\p:q] Rrs\rn:n] Rsh\p:q\ 

1 „ 1 


. . Fhu\ rn . r .~\Fi.,}- l \ ri . fl ]F, 


16 


hk[ni\n\-T kh[ P \q]F r s[m\n}” sr[ P \q) 


P _i_p p p p 

r sr\v.a\ ' r hk[m-,n\ r kh[m\n] r rs[p\q\ r sr\p\q] 


32 


. (27) 


Writing the above couplings and the couplings (F^) 4 in (1T41) in terms of independent vari¬ 
ables, we have found that they are exactly identical. 


We use the following steps on the couplings ( 1271 ) to End the couplings with structure 
(R( Tl )) 4 for n — 2,1: We first use the dimensional reduction on the couplings ( 1271 ) and keep 
the terms with structure (F^Y where the index y is the Killing index. Under the linear 
T-duality transformations, the RR held strength F^ transforms to w ith no Killing 

index. Therefore, under the T-duality transformation the above couplings transform to the 
couplings with structure (F* 2 )) 4 in type IIA theory. Performing the same steps once more, 
we have found the couplings with structure (F^) 4 in type IIB theory. We have checked that 
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these couplings are exactly equal to the corresponding couplings in (fl4|) when we write them 
in terms of independent variables. 

Now consider the couplings in the dimensional reduction of (127[) in which the RR three- 
forms carry no Killing index. Under the T-dality, they transforms to the couplings with 
structure ( F ’ y (4) ) 4 in type IIA theory. We compare these couplings with the couplings with 
structure {F^) A in the dimensional reduction of the couplings (1T6|) . Writing both set of 
couplings in terms of independent variables, we have found exact agreement. 

To show that the coupling with structure (F^) 4 in ([R?]) are consistent with dualities, we 
note that RR five-form held strength is invariant under the S-duality. We already pointed 
out that the P-odd couplings in (jT9|) are consistent with T-duality. To verify that the P-even 
couplings in (fT9jl are consistent with T-duality, we consider the couplings in the dimensional 
reduction of (flUl) in which the RR five-forms each carries one Killing index, i.e., (F^) 4 . 
Under the T-duality, they transforms to the couplings with structure (pd 4 )) 4 . We compare 
them with the couplings in (fT51) . Writing both set of couplings in terms of independent 
variables, we have found exact agreement. 


We now compare the couplings in section 2.2 with dualities. Our starting point in this 
case is the couplings with structure F^F^ F^F^ 3 \ Using the consistency of the couplings 
(|26|) with S-duality and T-duality, the couplings with structure F^F^HH have been found 
in [22]. Under the S-duality, the RR five-form is invariant and B-held strength FI transforms 
to the RR three-form held strength. So the consistency of the couplings found in [22] with 
S-duality, requires the following couplings in the string frame: 

C 2 L- I _ n _ ^LP P P p 

O I LL X C- V hrstu,n r qrstu,m r knp,h r mpq,k 

J L O 

2 „ „ „ 1 


g Fnqstu,hFpqstu,mFk n r,hF'mpr,k 


~~Faqstu,hFnqstu,kFmpr,hFmpr,k 


90 

F g Fj l q S i u n F]^q S i u rn F rn p r ]^F n p r } l ~h ~Ffiq S f u rn Fj^q S ^ u n F m p r j £ F n p r fi 

F~F} l i zr n nU ,tFpq r t u , ri Fhkr n ,sFoqr,s “ 1 “ ~qF nqrtu,h,Fapstu,kFhqr,mFkps,m 


9 

1 


F r 


3 

4 


nqrtu,h-T mrstu,k-T npq,k" mps,h 


mnptu,k-T nrstu,h-T kpq,m" hqs,r 


~\~4lF nqrtu,hFrnpstu,kFhkr,nFpqs,m 4 “ ^Fmnptu,h,Fmqstu,hFnpr,kFqrs,k 


( 28 ) 


To compare them with the couplings in (12T| . we have to impose the self-duality transfor¬ 
mation (TT5|) on the above couplings. Using the identity (TT3T) to write the multiple of two 
Levi-Civita tensors in terms of metric, we find two types of terms. One type has terms with 
no Levi-Civita tensor which is the same as fl28|) up to the overall factor of |. The other type 
has terms with one Levi-Civita tensor. This part, in the momentum space, produces terms 
with zero or one Mandelstam variables which are not consistent with the superstring theory 
amplitudes [20jl34]. This indicates that the couplings (j28li must have some P-odd couplings 
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which are not related to the couplings (j26j) by the string dualities. In fact, the corresponding 
Feynman amplitude in section 2.2 has P-odd couplings even before imposing the self-duality 
transformation. 


The P-even couplings (T28|) and their P-odd partners must be consistent with T-duality 
before or after imposing the self-duality transformation because they are not produced by 
type IIB supergravity which is off for the RR five-form field strength. In particular, under 
the dimensional reduction of 0281) . the couplings with structure (F ^) 2 transforms 
under T-duality to the couplings with structure (F^) 2 (F®) 2 in (1201) . This indicates that 
the self-duality transformation of the action (1281) and its P-odd partner should produce the 
same couplings as (1281) . The transformation of (128]) under the self-duality (fT8|) produces the 
same couplings with the overall factor | and some P-odd couplings. The other factor of \ 
must then be reproduced by self-duality transformation of the P-odd terms. 

One may try to find the P-odd partner of (128|) by considering all contractions with 
structure e( 10 )(iR 5 )] 2 (iR 3 )) 2 with unknown coefficients and fix them by requiring them to 
produce the above factor of | under the self-duality transformation and requiring them to 
produce no term with zero or one Mandelstam variables in the momentum space |!20 3 33]. 
However, there are too many such contractions, so we do not try to fold the P-odd partner 
of the couplings (]281) in this paper. We have written the couplings (1281) and the P-even part 
of couplings (1211) in terms of independent variables and found exact agreement. 

Using the dimensional reduction on the couplings (1281) in type IIB theory, one can fold 
the couplings with structure (F^) 2 (F®) 2 . Under T-duality they transform to the couplings 
with structure (iH 4 )) 2 (i3 2 )) 2 in type IIA theory. Repeating these steps on the couplings 
(f( 4 )) 2 (f( 2 )) 2 , one can fold the couplings with structure (iH 3 )) 2 (Fd)) 2 in type IIB theory. 
Writing these couplings and the corresponding couplings in (120]) in terms of independent 
variables, we have again found exact agreement between the two set of couplings. 

We now compare the couplings in section 2.3 with dualities. There is only one coupling in 
this section, i.e., the couplings with structure (F^) 2 (F^) 2 . Such couplings have been found 
in [27] by imposing the S-duality on the couplings of two RR five-form and two dilatons (see 
eq. (69) in [27]). Alternatively, the couplings with structure (F^) 2 (F^) 2 can be found by 
imposing the dualities on the couplings (1281) . To this end, we use the dimensional reduction 
on the couplings with structure (F^) 2 (F^ 2 ^) 2 that we have found in the above paragraph, 
and consider terms with structure (F^) 2 (F^) 2 . Then under T-duality they transform to 
the couplings with structure (F^) 2 (F^) 2 . Converting the Killing index to a complete 
space-time index and taking the symmety factors into account, one finds the couplings with 
structure (F^) 2 (F^) 2 without any ambiguity because it is impossible to have couplings in 
which the RR five-forms do not contract with each other. These couplings are the same as 
the couplings found in [27], i.e., in the string frame they are 


S D 


ll. 

3 k 2 


d 10 x\f^Ge 2 * 0 


^ aef gh,cFbef gh,dF a ,bF c ,d 


( 29 ) 
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Transforming the above couplings under the self-duality (fT8|) . we have found couplings which 
are identical to the couplings in (122]) after writing both sets in terms of independent vari¬ 
ables. This indicates that there is no P-odd coupling in the above action. As in the held 
theory section 2.3, the P-odd part in the self-dual action comes only from the self-duality 
transformation. 


To compare the couplings in section 2.4 with dualities, we consider the couplings with 
structure F^F^HH which have been found in m by imposing dualities on the couplings 
in (1271) . The S-dnality invariant of these couplings produces among other things the couplings 
with structure F^F^F^F^ 3 \ i.e., 


S D - 


hi 2 


d w xV^Ge 2 *°[8F h 

,kFmnpqr ,sFhpq,mFkrs,n 


mnpqr^s- 1 - hpq^m- 1 - krs,n (30) 

T 4 Fh' Fkmnpq , r F mns , h Fpq r _ s 2F/ t kFkmnpq,h .F mn s,rFpqr t s\ 


Note that these couplings are only P-even. Transforming them under the self-duality (fT8]h 
one hnds P-even and P-odd couplings. Writing them in terms of independent variables, we 
have found they are exactly equal to the couplings in ( 123 ]) . It is important to note that the 
held theory couplings in section 2.4 have P-odd part even before imposing the self-duality 
transformation, whereas the above couplings have no P-odd part. This indicates the held 
theory couplings ( 1231 ) are consistent with the duality transformations of (|26|) . i.e., (I30|) . only 
after imposing the self-duality transformation on ( 1301 ) . 

Finally, the P-odd couplings in section 2.4 should be related to the P-odd couplings 
in (l24j) under T-duality. Under the dimensional reduction, the latter couplings produce 
among other things, the couplings with structure °) pi 4 ) (fUT) 22) . Under T-duality, they 
transform to the couplings with structure F^\F^) 2 F^ l \ Completing the Killing index 
to the full spacetime index, one hnds the couplings with structure eio F^ (F^) 2 F^\ Writing 
the resulting couplings and the P-odd couplings in (f23l) in terms of independent variables, 
we have found exact agreement. 


4 Consistency with string amplitudes 


In this section, we are going to calculate the kinematic factor /C directly in the type II 
superstring theory and compare it with the couplings found in section 2. 

The tree-level scattering amplitude of four RR states in the RNS formalism [35] is given 
by the correlation function of their corresponding vertex operators on the sphere world-sheet. 
Since the background superghost charge of the sphere is = 2, one has to choose the vertex 
operators in the appropriate pictures to produce the compensating charge Q$ = —2. We 
choose the RR vertex operators in (—1/2,—1/2) picture. The amplitude is given by the 
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following correlation function [35] : 


A ~ 




where the vertex operators are 


t/(— l/2j—1/2) 

V RR 


( z j, Zj ) 


(^r j( n)) AB : e 
xe“ 




( 31 ) 


(32) 


where j = 1, • • ■ 4 and the indices are the Dirac spinor indices and P T — |(1 T 7n) 

is the chiral projection operators which make the calculation of the gamma matrices to be 
with the full 32 x 32 Dirac matrices of the ten dimensions. The RR held strength appears 
in the definition of Tj( n ) as 

( 33 ) 

where the factor a n = — 1 in the type 1IA theory and a n = i in the type 1IB theory [36]. 
There is ambiguity in choosing the chiral projection operator in the vertex operator (|32]h 
e.g., P_ or P + . As we will see, this makes it difficult to confirm the P-odd couplings in 
section 2 with the string theory scattering amplitudes. The normalization of the amplitude 
(I3TT) in which we are not interested in this section, may be fixed after fixing the conformal 
symmetry of the integrand. 

Substituting the vertex operators (1321) into fl3Tjh and using the fact that there is no 
correlation between holomorphic and anti-holomorphic for the sphere world-sheet, one can 
separate the amplitude to the holomorphic and the anti-holomorphic parts as 


A ~ (P-r 1 {n) ) AB (p.r 2 (m) ) CD (p.r m ) EF (p.r 4 (q) f H J 


4 

II d 2z i I AC EG ® IbDFH , 

i=l 


(34) 


where the holomorphic part is 

e -0(zi)/2 . e ~<p(z 2 )/2 . e -<t>{z 3 )l2 . e -4>(zA )/2 
X ■ e ik 2-X(z2) . e ik3-X(z3) . e ik4-X(z4,) 

x (: S A ( Zl ) : S C (Z 2 ) : S E (z 3 ) : A G (^ 4 ) :) , (35) 

and the anti-holomorphic part Ibdfh is given by similar expression. 

Using the standard propagators and the correlation function of four spin operators [35]. 
one can perform the correlatos in (1341) . Using the on-shell relations and the conservation of 
momentum, one can check that the integrand of the amplitude is invariant under SL( 2, R) x 
SL( 2, R ) transformations which is the conformal symmetry of the z-plane. Fixing this 
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symmetry by setting z\ = 0 , Z 2 = z, Z 3 = 1 and £4 = 00 and normalizing the amplitude, one 
can write it in the string frame form of (J 2 J) in which the kinematic factor is 

K = {P T V 1 {n) ) AB {P T T 2 {m) ) CD {P T T m ) EF (P T V A{q) ) GH K A ceg® Kbdfh- (36) 


where the kinematic factor in the holomorphic part is 


Paceg 


<(7"C- 1 ) /1c (7 p C- 1 ) £g - s(7 i ‘C- 1 ) /1g (7 p C- 1 )ce 


(37) 


and the kinematic factor in the anti-holomorphic part is similar to the above expression. 

One may use the KLT prescription [37] to calculate the sphere-level scattering amplitude 
of closed string states from the corresponding disk-level scattering amplitude of open string 
states. According to the KLT prescription, the sphere-level amplitude of four closed string 
states is given by 


A ~ sm(a , 7 ik 2 -k 3 / 2 )A open (s/ 8 1 t/ 8 ) ® A open (t/ 8 ,u/ 8 ), (38) 


where A open (s/ 8 , i/ 8 ) is the disk-level scattering amplitude of four open string states in the 
s — t channel which has been calculated in [ 6 ], 


A op en(s/8,t/8) ~ 


r(- a /8)T(-t/8) 

r(i + «/8) 


(39) 


where the Mandelstam variables are the same as in the closed string amplitude. The open 
string kinematic factor K depends on the momentum and the polarization of the external 
states [ 6 ]. 

To find the sphere-level scattering amplitude of four RR states, one has to consider the 
disk-level scattering amplitude of four R states. The kinematic factor for this case is [ 6 ] 


K(ui, u 2 , u 3 , U 4 ) 


-g tuf^C ^ACU^uf^C %gu g 

{ifxC^CEUz 


(40) 


where W; with i — 1, - • -, 4 are the spinor polarizations. They satisfy the following on-shell 
relations 


k 2 i= 0, {TkiC-^ABuf = 0. (41) 

Using these relations, one can write the open string kinematic factor (1401) in terms of the 
holomorphic kinematic factor (j37l) as 

K(ui, u 2 , u 3 , U 4 ) = ~UV2u a u g u 3 u g K A ceg- (42) 
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Similarly for the antiholomorphic part, i.e., 

K (hi, U 2 , U 3 , Ui) = —4iv / 2hfhf’hfhf Kbdfh- 

Using the above relations and r(x)r(l — x) = %/ sin(7rx), and substituting the following 
relations in (138|) 

u A ®u B (P T T 1H ) AB , 

U 2 <S> u 2 —> (P^T 2{m) ) CD , 

->■ (p^r 1{n) ) EF , 

V%®U 4 ->• (P T r 2 (m)) GH , (43) 

one can write it as the string frame form of ([ 2 ]) with the kinematic factor (13611 . as expected. 
While the open string kinematic factor (I40p is the final result for the S-matrix element of 
four open string spinors, the closed string kinematic factor ([36]) is not yet the final result. 
The Dirac matrices in the kinematic factor appear in trace operators which should then be 
evaluated explicitly to find the final kinematic factor of the closed string amplitude. 

The closed string kinematic factor (l36|) has four different terms, each one has one of the 
following factors: 

n = (P^ Un) ) AB (p^ m) ) CD (p r r m ) EF (p^r iM ) aH 

1 )ac{1hC 1 )eg{YC 1 )bd{1vC 1 )fh, 

U = (P^r Ur , ) ) AB (PA2( m) ) CD (PAm) EF (P* r iw) aH 

x(7 (1 C 1 )ag{1ijC 1 )ce{i 1 ‘C 1 )bd(7i.C 1 )fh, 

t 3 = (PAi(n)) AB (P^n m) ) CD (PAm) EF (P^M<,)f H 

x(7 ‘‘C 1 )ac{1iF 1 )eg{i’'C 1 )b//(7^C 1 )df, 


T.\ = (PAiM) AB (PA2 (m ,) CB (PA3<P)) Er (Prr4l,)) a " 

x(7 , ‘C -1 )_4g(7bC -1 )cb(7 1/ C -1 )bb(7fC -1 )df > (44) 


Using the properties of the charge conjugation matrix and the Dirac matrices (see e.g., 
appendix B. in [36]), one can write the tensors 7j, • • •, T 4 in terms of the RR held strengths 
and the trace of the gamma matrices as 


P = 


To = 


. 1 )JN™+iW!+i ^a n a m a p a, 


n\m\p\q\ ? F lfll ... tln F 2vi ... Vm F3ai-a p F4 : p 1 ...p q 

Tr{P±YY 1 '' Fn Yi ul "' Um )^P±i^ ai "' ap iui fil '" pq ). 

(_l)|Wm+i)+9(9+i )\a n a m a p a q 


n\m\p\q\ 
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T 3 

t 4 


Tr(P ± 7V 1 '" ym 7 / "7 Ql '"“ p 7^7 /3l "'^7M7 W '"' iTl )> 

(X)|[ n ( n + 1 )+p(p+ 1 )], 


Q j nQ j mQ j, pQ j q 


lfii---fi n r 2u 1 ---u rn F 3 ai---a p F4/3 1 ...i3 l 


nimipiqi 

Tr(P ±7 V 1 '" i ' m 7 M 7“ 1 ”' ap 7^ 1 "'^7/ i 7 Ml ''' / " n ), 
(-l)5["( ra+ i) +? ( ?+ i )]a n a m a pa ,_ „ 

n!m!p!g! ^ini-n n ^2u 1 -u m P3ai-a p P4:Pi-p q 

Tr(P ± 7^7 w - /i "7V 1 '" /39 )Tr(P ± 7 M 7 ai "' ap 7 i/ 7 I/1 - J/m ). 


( 45 ) 


Using the above factors, the closed string kinematic factor (1361) can be written as 


K, 


1 

64 


£ 2 7\ — s£T 2 — stT 3 + s 2 T 4 


J 


(46) 


Performing the traces, one finds how the four RR held strengths contract among themselves. 
Writing t 2 = 16cd 2 /c2-&3&;i-fc 4 , s 2 = 16c / 2 £7 • £ 7 ^ 3-&4 and using the first relation in (fl~2]h one 
may write the kinematic factor (l46j) in the form of (dF ) 1 in the spacetime which can then 
be compared with the couplings in section 2. 

The scattering amplitude of four RR states in type 11 superstring theories have been also 
calculated in the Pure spinor formalism in [39]. The couplings of four RR held strengths at 
order a' 3 have been found to be 


S D ^2 v ai '" aM ' ,bl "' bN '’ Cl "' Cp;dl '" dQ didjF ai ... aM d i d : ’Fb 1 ...b N F Cl ... Cp F c i 1 ...d Q , (47) 

M,N,P,Q 

where the sum over M, ■ ■ ■, Q, run over even integers from zero to four for type 11A super¬ 
gravity, and over odd integers from one to hve for type I1B. The tensor v is defined in terms 
of the trace of the gamma matrices as follows: 

ai---aM;bi--bN;ci---cp;di -dQ _ 32 CmCj^CpCq 

9 M\N\P\Q\ 

Tr(P T 7 ai - OM 7 ? 7 bl -^7 n7 Cl -^7 9 7 cil - d «7 n )£ J v£Q 

—Tr(Pp7 ai '" aM 7 ? 7 6l '” 6jv 7 n )Tr(P f 7 cl ''' CP 7 9 7 dl '"' iQ 7 n )£jv£Q 
—5 Tr(P T 7 ai ''' aM 7g7 Cl "' Cp 7 n7 bl "' bjv 7 9 7 dl "' dQ 7 Tl )£p£(2 
+4 Tr(P f 7 ai ”' aM 7g7 cl "' c - P 7„)Tr(P F 7 ftl "' ftjv 7 9 7 <il ”' dQ 7 n )£p£Q 

+Tr(P T 7“ 1 ''' aM 7 g 7 cl - CP 7 n7 dl -^7«7 &1 -^7 n )£ A r£ Q (48) 

where c 2 = (—l) p+1 /16y / 2 and £n = (—l)!^^ -1 ). We have included the chiral projection 
operators in the traces, because the RR vertex operators that have been considered in [39] 
have no chiral projection operator. Using the RR vertex operator (133]) instead, one has to 
consider P T inside the traces. 
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The 711 in the chiral projection operators has one Levi-Civita tensor. As a result, the 
kinematic factor (1461) and tensor v in (l48j) have terms with zero, one and two Levi-Civita 
tensors. Since there is ambiguity in the chiral projection operator in the vertex (l32]h the signs 
of P-odd terms in Tj, T 2 , T 3 , T 4 and in tensor v are ambitious. Therefor, we consider only 
the P-even terms in the kinematic factor (UR]) and in tensor v . Moreover, we use the identity 
(HT)]) to write the two Levi-Civita tensors in them in terms of metric. Using the symbolic 
program for the manipulation the gamma matrices [38], we have performed the traces in the 
kinematic factor (l46jl and in the tensor v. Using on-shell relations, we have found that the 
P-even terms in RNS and in the Pure spinor formalisms at order a' 3 are exactly identical. 
We have also found these couplings are identical to various P-even couplings in section 2. 

Acknowledgments: This work is supported by Ferdowsi University of Mashhad under 
grant 2/30889-1393/04/10. 

A Three-point vertices and propagators 


Using the super gravities d 6 ]) and (]7|), one can read the propagators of the NSNS fields and 
the three-point vertices for two on-shell RR states and one off-shell NSNS state that we need 
in evaluating the Feynman amplitudes in section 2. The propagators are 


• Graviton propagator 



2/~2 T 'r/fip'rivX ^IpvVxpJ • 


• B-held propagator 



W,\p 


ie*° 

2^,2 (^UaWp — Vfj-pVv a) • 


(49) 


(50) 


• Dilaton propagator 



(51) 


The vertices are the following: 

• Two RR and one gravitor^ 




1 A p 


. (5 —re) 

ie 2 


<t>0 


4 Kcm! 


(2n f[ 


(a 


Vl—Vn.-I r 2 


Ppl-'-l'n-l 


-*•) ( 52 ) 


3 The parentheses notation over indices means symmetrization with a factor 4. 
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• Two RR and one B-field 



. (5 — n) , 

le 2 

4 Ka(n — 2)! 


T-iAp 7-i• • • Un — 2 

^1 ^l-^n-2- r 2 


(53) 


• Two RR and one dilaton 


V F[ n) F^\ 


. ( 5 —n) ^ 

IP 2 0° 

— 7S—r (5 - «) F ln F?'" 

Ay'ZKTll 


(54) 


• Two RR four-form, one B-field and one Levi-Civita tensor 


V 


- af3 


£10 F^F^b 


i 

1152k 


€" w,£,v “U 7i , c .FW,. 


(55) 


• One RR five-form, one RR three-form, one B-field and one Levi-Civita tensor 


K 10 F^F^b 


c*/3 


i 

2880k 




(56) 
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